
MMP Learning Seminar

Week 58 :

• Global - to - local .

• Upper bound for the volume .

• Birational bounded hess
.



Theorem (Adjuration ) : Let IE -10.11 be a subset containing 1
.

Let ✗
prog of dimension n . & VEX be an irreducible sobriety.

with normalization W→ V
. Suppose LX14) is a log pair & 4

'

> o IR- Cartier

with the following properties :

let the coefficients of 4 belong to 1
,

(2) (✗ /4) is KIT
,
and

131 there exists a unique non - K1T place ✗ of IX.4+4' ) with center k .

There exists ④ divisor on W with weff in { • I 1- a a- LCTN-i COCI)) }U{at

such that
(1*+4+4) / µ - 1kW +⑤ )

is pseff .

Assume V is a general element of a family covering
✗

.

①4- W the normalization and 4 the strict transform of ① ,

Then Hot 4 > ( kx + 4) to
.



Theorem 3.5.5 :

too - { CX.at/Xpro.jn-dim,lXidJtrlt&Kx+4 ample } .

Assume we can control
p , he & l :

1) V- B dominant family of subuarietres . if { c- 13 .

there exists 0=46 - • C1-8JH . for some 820 . sit

there is a unique non - * Its place of IX.4+461 whose center is b

where H=kCK×t< ) (k )

2) ☐ on W→ V1
.
such that % is birational & IH1W - ☐ pseff.cl )

3) PL1 integral or has standard coeff#> meaning 1- In .

Then ✗ mhrCk×+a ) is birational for all IX.4) GB0



Theorem An : Local ACC in dim n .

projective
+ + I →"

Theorem Bn : (X.LI ) c-② ←→ (XD ) dim n Kit
, coeff C- I

,
& KX1-4EO .

Then Volta ) is bounded above
. Copper bound for the volume!

Theorem Cn : ( ✗ ill )GB←→ (✗ it ) dim n , projective , lc
,

coefj-CLIEI.ikxi-dbg.tlThen IX.d) is log birational} bounded . ( birational} bonded )?⃝
. .... on . g.µ, µ,

KX1-4EO
,
Ic prog of

Jim h & coeffI are in a DCC
,

then actually they belong to a finite set .



5
.
Global - to - local

: ☐ n - i ⇒ An
.

Lemma 5. Ii Fix integer r , I E [oil , see 1 .

(✗ it ) Ic of dim n+s , coeff (4) C- I
,
VEX non - melt center

.

CE1 a coeff of a component M of 4 containing V.
= =

We can find Csi ① I pry of tim En
, Geff (④ I EOCI) .

a
Mutt of M at

KS1-0HE 0 2nd some comp of
the
genome point

""←

"

- of M

comb
.

↳

towhere m , KENT and f- c- ☐ (1) .

-1 control
comp which are not M

Proof : V is a unique
Icc ,

every comp of contain V.

Steps : There is a component of with waffle .

Y→ SE4
, (4×+4) / y = K-c+5 , coeff (5) c- DC11

component N with coeff d- ⇐ +8
e

i containing the
presage of V.

of c- It .

inversion of adjuration , every component of the inverse image of V out

IS2 1CC of CT
, E) .

Jim 's ⇐ h - L Apply induction .

DCDLI )) - ☐ (1)



Step 2 : The statement when V11 -0 .

f- i Y→ X Jlt modification of IX.4)
.
T Q - factorial .

Hy + 1- + I = f-
*

(Kx +4 )
,
T is the sum of exc

.

We
may

that the inverse

image of
V is contained in T .

SET in component that int the strrct transform N of M

(Hx+I+T / Is = test
.

(Scout
.
have all the conditions except it may

not be
pro;

The map 5 → V is pro; ,

Y
'

" " "
"""" ""

2 general fiber of it ☐

Lemma 5.2 : I £ [oil] DCC
, JOE [o.it finite .

Then

[
☐
= { C C- I / h-1+J' c- Jo for some KENT & f- c- DC11}

he

is finite .



Lemma 5.3 : Dn
-I → An

.

Proof : I DCC , so does D= DC21
.

Ihm Dn - i → (Sione ) Jim En -1
. coeff ② ES .

then the coeff C- So for some Joes .

Set Io = { [ c- I / m-t+mt c- Jo for some ko.meET , f- c- It}

Jo is finite → Io is finite .

( ✗ it ) is to
, coeff (d) c- 2

, 2- EX non - self contained

in

every single comp of ,
c-b.se ) _→ coeff I belong to Io

☐
.



Upper bomb for the volume :

② :-(X.LI ) Jim n , coeffIEI.hr✗ +4=0 ,} not (4) is bounded above

Lemma : Assume Dn - i & An -1 . There exists Ezo
.

such that
-

If LX14 ) c-D
, big , KX1-0IE 0 - , where

§ z ( I -81 .

for some See ,
then CX , § ) is It .

Proof : §
(Sc④ ) of dim n -1

, coeff ④ c-DC11 and

[ I - E) ② E ① '
I ① ( E only depending on n -1)

.

An-it Dn -i

/ then (SiO ) Ic ←→ Csi ' ) is lc .

Moreover ① = ④
'

if test ④'
⇐ 0.

Step 1 : To reduce to the case in which IX. 8) is plt .

Step 2 : Reduce to the case in which all divisors in the picture are Q - proportional.

§ :-(→ ✗ Jlt modification of
IX. E)

Ky +4--01
"

(Kx + § )

PCW / 2-1--1KytI + as = 4*(4×+4)
[ s ) - negative

oc< Is 5- L4J
. 1×+1-4=-0

P

Kit µ - S is not pseff . Run a (Kitt - s ) - HMP .
T - - -→ W

1 .
All the steps of the MMP are 5-position Z

the strict transform T of S in W is honyontil over the base Z .

F a general fiber of it , (Y , I / 4) '→ ( ftp.I/p,p*4IF )



Step 3 : We conclude
using

the first paragraph

HYt[ +5 is ample . µ > ( 1- E)Its ,
then

.

hey + C1-2IE + 5=-0 for some 0<2 < E , and
.

Ket G- E)I 1- 5 is log canonical
.

( try + G-e) Its ) Is = As + ② < .

CS
, a) is to

( text ( I - 2) [ + 5) Is = his + ④ z .

Its + ④2=-0 .

(1×+1-12+5) Is = test ① . s coeff ④ c- DC11
.

4-E) ① I ① ,
I ④ <
I ②

⇒ (5 , 2) is hg canonical
,

②if ④z .

→ [5 , ④n ) is log canonical
.

⇒ ④ = ④a
→← ☐

Lemma 6.2 : On -1 + An -1 → Bn
.

Proof : (Xiii ) c-② V01 (di ) → oo
.

Ii ~ R Ei i
,

E.→ 0 .

( ✗ is Ii + ( I - E.) i ) not ↳ It . ✗ it ☐ i + ( 1- a) i -0.

[ it 11- E) is Cl- Ei ) i →c- .

☐ .

No / (d) I (E)
"

where E is as in Lemma 6.1 .



② irrational boundedhess :

[emma 7.1 : (✗ it ) pair ,
✗

proj .
D by IR - divisor

.

If \o/ (D) > Can )
" there exists V → 13

covering
X

.

s .t if x ay
are general in X .

,
then we may find

bc-B.OED~iros.l-CX.LI
+☐ b) is to but not *It at both x&y

and there exists a unique non - W1E place of CK41-0BI with

center V6 containing x .

Lemma 7.2 : Assume Cn- it An-1
.

Fix p a positive integer .

⑧ ,
- { (Xia ) / hit of damn prog , kx.tl big , a integral or standard }

Then §mcw×+a ) is birational for every
CX14 ) c-Be .



Proof : Assume ✗ +4 ample .

Fix K s .

-1
.

V01 ④ ( Kx +4 )) > Czn )
"

Apply 7.1 to klK×+d ) to get a family V→ B
,

Yi W→ V6 normalization
lK×tL+Lb ) / w - (Kurt ② I pseff .

④ has coefficients in some DCC set
.

← An -1

①→ W log resolution
.

Her +4 > It > +4 / u

so Hot 4 is big .

Cn - I → §④µo+µ ) is birational where l is fixed .

(3.5-5) ⇒ §ymo(↳+a) is
birational

V01 ( ✗+4 ) 21 → Hot (Ints) (kxt.li ) ) > Can )
"

he _- zcnte ).

V01 (16×+4)<1 .

ten )
"

< V01 (w(Kita )) EL4N )?

Hence
, v01 ( more (4×+4)) E (Amon )" .

②CC of Volumes v01 (✗ (K×+d )) > Can )h
for 2--25

where f is the minimum volume .

☐ .



Lemma 7.3 : ② ⇒ { (✗ •4)

µ
✗ prog of

d.mn
, IX.d) to /

✗+4 big & coefff.tl ) EL f
.

Assume Cn - i & Any

There exists p< I s.be if CX14) c-8 then the pseff thresholds ,

d- mf { 1- c- 112116×+1-4 is big }

is at most f.

Proof : Assume (XX ) is snc .

Assume I > { so Kx is not pseff .⑤ ☐ ~µ( ✗+a) . If Ezo, then

cite) (Katia ) - IR KX1-1UI + ED for some fuel .
I
* It for E small enough

d-( ✗+14 ) - MMP ✗ - - → Y
.

s Kitt is net f- * ALI - I.

Ron (1×+1-14*4) - MMP to get to a MF5 +→ z .
|
, .am. µ , , . . .



( Xp , de ) c-8 pscff thresholds are Asada < . . . .

Let J - { dei l 2- c- I
,
I c-Nt} J satisfies Dcc.

§ 1101 (5) < C for any
CY1B )

coefj-CIIEJ.tn
f.
It & is the smallest element in j .

,
G- some of comp of I .

Then v01 that G) E £ .

We want to apply 7.2 :

✗ +4 is by .

☐ be the sum of comp of 4 .

Kx + ☐ big .

D >a

✗ + ☐ - f-
*

( text G) + F ,
where F eff & f- exc .

Then
,

V01 (txt D) E V01 (K-it G) E £ .

(✗e. De ) , you may press
RENT : the + ④e- hrxet De is big

(7. 2) _→ ( Xd , ①e) are birational} bounded

→ (✗e. e) is
birational} bounded

.

Hence
,
kill the +Get > S for every l .

S E V01 ( KX1-4IE hot (Ky+ ☒ 5) = (£ - s )
"
vollt.si ) E (I - e)" C .

☐



rational boundedness :

Lemma 7.4 :
Cnn + An -1 + Bn ⇒ Cn

.

Proof : X is the smallest element in 1 .

Assume IX.4) is hg smooth and K1T .

pseff threshold of 4 is at most f. < 1 .

Pick p : p > ×÷p .

Observe : LP÷ > &£ .

✓
Controlled denominators

.

Hence : AI-2IE Lps
I .

Kx+ Alps is big .

✗ mlk× + dips ) is birational by 7.2

It

✗m(kx+4 ) is also birational .
☐ .



Regularity and log canonical thresholds :

(✗ it ) Ic , reg (Xia )i=dimDCXKI.LT
, Set . . - + Srt e) V3 •

① IX.4) ?

I J16 mod
.

(X ,d )

reg L

④2,11+12 )

0¥ -
°

1- 6¥
D= •-•

② i= •
.



ACC for Ict 's of the same dimension holds
.

thresholds of Torre divisors on tone varieties =L
.

⑤Tais ) - { K1-1HN :O) / ¥É!tÉ !:[ rgrµI ¢- n - r
satisfies the ACC

. threshold
.

Global - to - local
:

Jim - reg is small
.

we expect to find
S S projector many timers

with

µ
← °
"" "" "" " """"↳ """"

É¥
(✗<a)

1
( ✗a)


